SEQUENTIALLY COHEN-MACAULAY MODULES WITH 
RESPECT TO AN IRRELEVANT IDEAL 



AHAD RAHIMI 

Abstract. For a finitely generated bigraded S'-module M wlrere 5* is a standard 
bigraded polynomial ring we define the Cohen-Macaulay filtration of M with 
respect to the bigraded irrelevant ideal Q. We call M to be sequentially Cohen- 
Macaulay with respect Q if M admits a Cohen-Macaulay filtration with respect 
to Q. The algebraic properties of these modules are investigated. All hypersurface 
rings that are sequentially Cohen-Macaulay with respect to Q are classified. 



Introduction 

In [12] Stanley introduced the notion sequentially Cohen-Macaulay for graded 
modules. This concept was studied by several authors. We refer to ([5], [TT] . 
[T3j). In this paper we define this notion for bigraded modules. Some new algebraic 
invariants make sense to study in this case. We let S = K[xi, . . . , Xm, Vi, ■ ■ ■ , Vn] be 
the standard bigraded polynomial ring over a field K, P = (xi, . . . ,Xm) and Q = 
. . . , Hn) the bigraded irrelevant ideals of S and M a finitely generated bigraded 
S'-module. In |9j we call M to be relative Cohen-Macaulay with respect to Q if 
grade((5, M) = cd{Q, M) where cd((5, M) denotes the cohomological dimension of 
M with respect to Q. We define a finite filtration J": = Mq ^ Mi ^ ■ • • ^ = M 
of M by bigraded submodules M a Cohen-Macaulay filtration with respect to Q if 

(a) Each quotient Mi/Mi_i is relative Cohen-Macaulay with respect to Q; 

(b) < cd(Q, Ml/Mo) < cd(Q, M2/M1) < ■ ■ ■ < cd(Q, M^/M,_i). 

We call M to be sequentially Cohen-Macaulay with respect to Q if M admits a 
Cohen-Macaulay filtration with respect to Q. Sequentially Cohen-Macaulay intro- 
duced by Stanley results from our definition if we assume P = 0. The paper is 
organized as follows: 

In the preliminary section, we show that "a Cohen-Macaulay filtration with re- 
spect to Q is unique". Also for a Cohen-Macaulay filtration J-" of M with respect 
to Q we observe that i/|(M) = H^gi^i) - (^i/^i-i) where qi = cd(Q, Mi) for 
i = 1, . . . , r and Hq{M) = for A; ^ {gi, . . . , g,.}. This observation is used to de- 
rive some basic algebraic properties of sequentially Cohen-Macaulay modules with 
respect to Q in the next section. For instance, we improve [^j Proposition 2.3] as 
follows: Consider the graded components of Hq{M) as a finitely generated graded 
/r[x]-module where K[x] = K[xi, . . . ,Xn]- If M is sequentially Cohen-Macaulay 
with respect to Q, then the Castelnuovo-Mumford regularity of Hq^M)^ is bounded 
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for all k. In Section 2 we also show that if M is sequentially Cohen-Macaulay with 
respect to Q with grade(Q, M) > and \K\ = oo, then there exists a bihomogeneous 
M-regular element y E Q of degree (0, 1) such that M/yM is sequentially Cohen- 
Macaulay with respect to Q, too. We give an example to show that the converse 
does not hold. 

In Section 3 we consider L N as S-module where L and N are two non-zero 
finitely generated graded modules over K[x] and K[y], respectively. We obtain a 
characterization for sequentially Cohen-Macaulayness L ®k N with respect to Q as 
follows: L ®K N is sequentially Cohen-Macaulay with respect to Q if and only if 
is Cohen-Macaulay i^'[|/]-module. We also discuss two questions on the sequentially 
Cohen-Macaulayness of M with respect to P, Q, and P + Q in general. 

In the last section, we let / G S* be a bihomogeneous element of degree (a, b) 
and consider the hypersurface ring R = S/fS. Notice that if a, 6 > 0, we have 
grade((5, R) = n — 1 and cd{Q, R) = n. Hence R is not relative Cohen-Macaulay 
with respect to Q. Thus it is natural to ask whether R is sequentially Cohen- 
Macaulay with respect to Q. We classify all hypersurface rings that are sequentially 
Cohen-Macaulay with respect to Q as follows: Let R be the hypersurface ring. Then 
R is sequentially Cohen-Macaulay with respect to Q if and only if / = /11/12 where 
deg(/ii) = (a, 0) with a > and deg(/i2) = (0, b) with b>0. 

1. Preliminaries 

Let be a field and S = K[xi, . . . ,Xm,yi, ■ ■ ■ ,yn] be the standard bigraded 
polynomial ring over. In other words, degXj = (1,0) and degyj = (0,1) for all i 
and j. We set the bigraded irrelevant ideals P = (xi, . . . , Xm) and Q = {yi, . . . , yn)- 
Let M be a finitely generated bigraded ^-module. We denote by cd{Q, M) the 
cohomological dimension of M with respect to Q which is the largest integer i for 
which H'q{M) ^ 0. Notice that < cd{Q,M) < n. We recall the following [9l 
Definition 1.3] 

Definition 1.1. Let M be a finitely generated bigraded S-module and g G Z. We 
call M to be relative Cohen-Macaulay with respect to Q if Hq{M) = for all i ^ q. 
For simplicity, from now on we say "M is Cohen-Macaulay with respect to Q" 
instead of " M is relative Cohen-Macaulay with respect to Q" . 

Remark 1.2. By [9l [Proposition 1.2] M is Cohen-Macaulay with respect to Q 
if and only if grade(Q, M) = cd{Q, M) = q. This is also equivalent to saying 
that Mfc = M(fc^*) = ©jM(fcj) is finitely generated Cohen-Macaulay _ft'[?/]-module of 
dimension q for all k. We recall the following facts from ^ which will be used in 
the sequel. 

(1) cd(P, M) = dim M/QM and cd(Q, M) = dim M/PM. 

If M is Cohen-Macaulay, then 



(2) 



grade(P, M) + cd(Q, M) = dimM, 
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see, Formula (5) in [9]. If M is Cohen-Macaulay with respect to Q with K = oo, 
then 

(3) cd(P, M) + cd(Q, M) = dim M, 

see, P, Theorem, 3.6]. We also recall the following facts from [2]. If — >■ M' 
M — >■ M" — )■ is an exact sequence of S-modules with M finitely generated, then 

(4) cd(Q, M) = max{cd(Q, M'), cd(Q, M")}, 

see [21 Proposition 4.4]. If M is a finitely generated S'-module, then 

(5) cd(Q, M) = max{cd(g, S/p) : p G Ass(M)}, 
and 

(6) cd(Q, M) = max{cd(Q, S/p) : p G Supp(M)}, 
see, [21 Corollary 4.6]. 

Definition 1.3. Let M be a finitely generated bigraded S'-module. We call a finite 
filtration T: = Mq £ Mi ^ ■ ■ ■ ^ = M of M by bigraded submodules M a 
Cohen-Macaulay filtration with respect to Q if 

(a) Each quotient Mi/Mi^i is Cohen-Macaulay with respect to Q; 

(b) < cd(Q, Ml/Mo) < cd(Q, M2/M1) < ■ ■ ■ < cd(g, M,/M,_i). 

A Cohen-Macaulay filtration introduced by Stanley is in our terminology a Cohen- 
Macaulay filtration with respect to the maximal ideal m. = P + Q. 

Definition 1.4. Let M be a finitely generated bigraded S'-module. We call M to 

be sequentially Cohen-Macaulay with respect to Q if M admits a Cohen-Macaulay 
filtration with respect to Q. 

We observe that ordinary sequentially Cohen-Macaulay modules are special cases 
of our definition. In fact, if we assume P = 0. Then m = 0, and Q = m is the unique 
graded maximal ideal of S with degyi = 1 for i = 1, . . . , n and cd((5, Mj/Mj_i) = 
cd(m, Mi/Mi_i) = dim Mi/Mi_i for z = 1, . . . , r. 

Example 1.5. Cohen-Macaulay modules with respect to Q are the obvious exam- 
ples of sequentially Cohen-Macaulay with respect to Q. 

Example 1.6. If M is finitely generated bigraded S'-module for which cd{Q, M) < 
1, then M is sequentially Cohen-Macaulay with respect to Q. In fact, we may 
assume that M is not Cohen-Macaulay with respect to Q. Thus grade(Q, M) = 
and cd(Q,M) = 1. The fihration = Mq ^ Mi g M2 = M where Mi = H^{M) 
is a Cohen-Macaulay filtration with respect to Q. Notice that, if = 1 in the 
polynomial ring S, then any bigraded S-module is sequentially Cohen-Macaulay 
with respect to Q. 

Proposition 1.7. Let M be a finitely generated bigraded S-module that is sequen- 
tially Cohen-Macaulay with respect to Q with the Cohen-Macaulay filtration J-": 
= Mo <^ Ml <^ ■ ■ ■ ^ Mr = M with respect to Q. Then we have H^{M) = 
H^iMi) ^ H^{Mi/Mi_i) where Qi = cd(g. Mi) for i = 1, . . . ,r and H^{M) = for 
k J {gi, . . .,qr}. 
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Proof. We proceed by induction on the length r of the filtration of M. Let r = 1 
and consider the Cohen-Macaulay filtration = Mq ^ Mi = M. As Mi = M is 
relative Cohen-Macaulay with respect to Q, the assertion is clear in this case. The 
assertion is also clear for r = 2 by considering the exact sequence — )■ Mi — )■ M2 — >■ 
M2/M1 — 7- and the fact that Mi is Cohen-Macaulay with respect to Q. Now 
suppose r > 3 and the statement holds for sequentially Cohen-Macaulay modules 
with respect to Q with filtrations of length less than r. We want to prove it for 
M which is sequentially Cohen-Macaulay with respect to Q and has the Cohen- 
Macaulay filtration J^: = Mq ^ Mi ^ ■ ■ ■ ^ = M with respect to Q of length 
r. Notice that M^—i which appears in the filtration J-" of M is also sequentially 
Cohen-Macaulay with respect to Q. Thus by the induction hypothesis we have 
H^iMr^i) ^ Hl^{Mi) ^ H^{Mi/Mi_i) for z = 1, . . . , r - 1 and if^(M,_i) = for 
k ^ {qi, . . . , qr-i}- Now the exact sequence — )■ M^-i — )■ M — )■ M/M^^i — t- yields 
H^^{M) = H^^{Mr/Mr-i) and H^q{M) = i7^(M^_i) for < t < g^. Therefore, the 
desired result follows. □ 

In the proof of Proposition 11.71 one obtains the following observations 



Corollary 1.8. With the assumptions and the notation of Proposition 1.7 we have 

(a) cd{Q, Mi) = cd{Q, Mi/Mi^i) for i = 1, . . . , r and hence 

cd(Q,Mi) < cd(Q,M2) < ■•• < cd(g,M,) = cd(Q,M). 

(b) grade(Q, Mt) = qi for i = 1, . . . ,r. 

(c) Ml = H^{M) if and only ifqi = 0. 

Parts (a) and (b) say that grade(Q, M) = qi and cd{Q, M) = qr. 

Next, we show that the filtration J-" given in Definition 11.31 is unique. To an- 
swer this question we need some preparation. We let M be a finitely generated 
bigraded S-module and, ^ be the set of all bigraded submodules of M such that 
cd{Q, N) < cd{Q, M). As M is a Noetherian S'-module, Yl has a maximal element 
with respect to inclusion, say A^. Let L be an arbitrary element in By using (4) 
it follows that cd{Q, L + N) < cd{Q, M) and hence the maximality A^ yields L O N. 
Thus our discussion so far shows 

Lemma 1.9. There is a unique largest bigraded suhmodule N of M for which 
cd{Q,N) < cd(g,M). 

Now we can make the following definition: 

Definition 1.10. Let M be a finitely generated bigraded S'-module. We call a 
filtration Q: = Mq ^ Mi ^ ■ ■ ■ £ = M of bigraded submodules of M the 
dimension filtration of M with respect to Q if Mj_i is the largest submodule of Mj 
for which cd(Q, Mi_i) < cd(Q, Mi) for alH = 1, . . . , r. 

A dimension filtration introduced by Schenzel [TT] is a dimension filtration with 
respect to the maximal ideal va = P + Q. The filtration Q given in Definition 11.101 
is unique. In order to prove the uniqueness J-" given in Definition II. 3[ we will show 
that T = Q. 

In [7] M is called to be relatively unmixed with respect to Q if cd((5, M) = 
cd{Q,S/p) for all p G Ass(M). 



Lemma 1.11. Let M be a finitely generated bigraded S -module and N a non-zero 
bigraded submodule of M. If M is relative Cohen-Macaulay with respect to Q, then 
cd(g,Ar) = cd(Q,M). 

Proof. Since M is Cohen-Macaulay with respect to Q, it follows from [7, Corol- 
lary 1.11] that M is relatively unmixed with respect to Q and hence cd((5,M) = 
cd(Q, 5'/p) for all p G Ass(M). As is a non-zero submodule of M we have 
Ass(A^) ^ and Ass(A^) C Ass(M). Thus by using (5) we have c<l{Q,N) = 
max{cd(Q, S/p) : p E Ass(A^)} = cd{Q, M), as desired. □ 

By an argument similar to [21 Lemma 4.4] we have the following 

Proposition 1.12. Let be the Cohen-Macaulay filtration of M with respect to 
Q given in Definition \1.3\ and Q be the dimension filtration of M with respect to Q 
given in Definition \l.l(A Then = Q . 

Proof Set J^: = Mq £ Mi ^ • • ■ ^ = M and ^: = A'o ^ A^i ^ ■ ■ ■ £ 
Ns = M. We will show that r = s and Mi = Ni for all i. By Corollary 11.8( a) we 
have cd(Q,Mj_i) < cd(Q,Mj) for all i = 1, . . . , r. Hence, Definition 11.101 says that 
Mr-i C Ns^i. Assume Mj—i ^ A^s-i- Thus Ns_i/Mr-i is a non-zero submodule 
of M/Mr-i. Since M/Mr-i is Cohen-Macaulay with respect to Q, it follows from 
Lemma [EII] that cd(Q, A',_i/Mr_i) = cd(Q,M/M^_i) = cd(Q,M). The second 
equality follows from Corollary 11.8( a). Now by using (4) the exact sequence — )■ 
Mr-i -> A's-i Ns^i/Mr-i yields cd{Q,Ns-i) = cd(Q,M), a contradiction. 
Thus Mr-i = Ns-i. Continuing in this way, we get r = s and Mj = Ni for all i. 
Therefore, = Q. □ 

2. Some algebraic properties of sequentially Cohen-Macaulay 

modules with respect to q 

In this section, we discuss some algebraic properties of sequentially Cohen-Macaulay 
modules with respect to Q. We begin with the following 

Lemma 2.1. Let M be a finitely generated bigraded S-module that is sequentially 
Cohen-Macaulay with respect to Q. If M is relatively unmixed with respect to Q, 
then M is Cohen-Macaulay with respect to Q. In particular, unmixed sequentially 
Cohen-Macaulay modules are Cohen-Macaulay. 

Proof Let = Mo 5 Ml g ■ ■ • g Mr = M be the Cohen-Macaulay filtration 
with respect to Q. By Corollary 11.81 we have grade((5,M) = grade(Q,Mi). Since 
Ml is Cohen-Macaulay with respect to Q, it follows from [7, Corollary 1.11] that 
Ml is relatively unmixed with respect to Q. Thus grade((5,M) = grade(Q, Mi) = 
cd(Q,Mi) = cd{Q,S/p) for all p G Ass(Mi). As M is relatively unmixed with 
respect to Q and Ass(Mi) C Ass(M), we have grade((5, M) = cd{Q, M), as desired. 

□ 

As first property of sequentially Cohen-Macaulay modules we have the following 

Proposition 2.2. Let M be a finitely generated bigraded S -module with gTade{Q, M) > 
and \K\ = oo. If M is sequentially Cohen-Macaulay with respect to Q, then there 
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exists a bihomogeneous M -regular element y E Q of degree (0, 1) such that M/yM 
is sequentially Cohen- Macaulay with respect to Q. 

Proof. We assume that M is sequentially Colien-Macaulay with respect to Q and 
let J": = Mo ^ Ml ^ • • • ^ = M be the Cohen-Macaulay filtration with 
respect to Q. Since grade((5,M) = grade(Q,Mi) = cd(Q,Mi) > 0, it follows from 
that grade(Q,Mi/Mi_i) = cd(Q, Mi/Mi_i) > for all i. We set Ni = Mi/Mi_i. 
Thus by [9, Corollary, 3.5] which also valid for finitely many modules which are 
Cohen-Macaulay with respect to Q and have positive cohomological dimension with 
respect to Q, there exists a bihomogeneous element y E Q oi degree (0, 1) such 
that y is A^j-regular for all i and Ni is Cohen-Macaulay with respect to Q with 
cd((5, Ni) = cd{Q, Ni) — 1. Here L = L/yL for any S-module L. 

Consider the exact sequence — )■ Mj_i — )■ Mj — )■ A^j — )■ for all i. Since y is 
regular on Ni for all i, it follows that Torf{S/yS, Ni) = for all i. Hence, we get the 
following exact sequence — )■ Mj_i — > Mj — A^j — )■ for all i. Now the filtration Q: 
= Mo^Mi£---^M7 = M/yM is the Cohen-Macaulay filtration for M/yM 
with respect to Q. In fact, 

grade(g,Mi/M,_i) = grade(Q,A^) 

= grade(Q,A^i) - 1 

= cd(Q,iV,)-l 

= cd(Q,A^) 

= cd{Q,Wi/M~i), 

and, s ince c d(g, Mi/Mi_i) < cd(Q, Mi+i/Mi) for all i, it follows that cd(Q, Mi/MTi) < 
cd(Q,Mi^/Mi) for alH. □ 

The following example shows that the converse of the above proposition does not 
hold: 

Example 2.3. Consider the hypersurface ring R = K[xi,X2,yi,y2]/if) where / = 
Xiyi + X2y2- One has grade((5, R) = 1 and cd{Q, R) = 2. By P, Lemma 3.4] 
there exists a bihomogeneous -R-regular element y E Q of degree (0, 1) such that 
cd{Q, R/yR) = cd{Q, R) — l = l and of course grade(Q, R/yR) = grade((5, R) — l = 
0. So R/yR is sequentially Cohen-Macaulay with respect to Q. On the other hand 
R is not sequentially Cohen-Macaulay with respect to Q. Indeed, Ass(-R) = {(/)} 
and cd{Q,R) = cd{Q,S/{f)) says that R is relatively unmixed with respect to Q. 
If R is sequentially Cohen-Macaulay with respect to Q, then by Lemma 12.11 R is 
Cohen-Macaulay with respect to Q, a contradiction. 

Let M be a finitely generated bigraded ^-module. The finiteness dimension of M 
with respect to Q is defined by 

/q(M) = inf{i G N : H'q{M) is not finitely generated }. 

Proposition 2.4. Let the notation be as in Proposition\L^ Suppose that fqlM) = 
cd{Q, M) . Then M is sequentially Cohen-Macaulay with respect to Q with grade(Q, M) > 
if and only if M is Cohen-Macaulay with respect to Q. 
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Proof. Let M be sequentially Cohen-Macaulay with respect to Q. Since fq^M) = 
cd(Q,M) with grade(Q,M) > 0, it follows from Proposition O that H^{M) = 
for k < cd{Q, M). Hence M is Cohen-Macaulay with respect to Q. The converse is 
trivial. □ 

Let i? be a Noetherian ring, / an ideal R and an i?-module. The module N is 
said to be I-cofinite if Supp(A^) C V{I) and Ext^(i?//, iV) is finitely generated for 
all i. 



Proposition 2.5. Let the assumptions and the notation be as in Proposition 1.7. 
Then Hq{M) is not finitely generated for all k G {qi, . . . ,qr} with qi > while 
Hq{M) is Q- CO finite for all k. 

Proof. The first statement is known. We will show that Hq{M) is Q-cofinite for 
all k. The claim is clear if k {qi, ■ ■ ■ ,qr} by Proposition 11.71 We first note that 
Supp(-f/Q (M)) C V{Q) for i = 1, . . . ,r. For a fix i, we consider the Grothendieck 
spectral sequence 



Ext|(5/Q,iJ^(M,/Mi_i)) =^ Ext^+*(5/Q,Mi/M, 



i-i. 



As Hq^Mi/ Mi_i) = for t 7^ g^, by using Proposition 11.71 we get the following 
isomorphism 



Ext|(S/g,if^'(M)) = Ext|(S/g,if^'(M,/M,_i)) = Ext^+'^"(5/g,M,/M,_i) 

which shows that Yjy±s{S/Q,H^^{M)) is finitely generated. Thus H^{M) is Q- 
cofinite for all i. Therefore, Hq{M) is Q-cofinite for all k. □ 

In [7] we have shown that if M is Cohen-Macaulay with respect to Q with 
cd(Q,M) = q, then dims H^{M) = dimM - q and dim^ix] H^{M)j = dimM - q 
for j ^ with g > 0. 

Proposition 2.6. Let \K\ = oo. With the assumptions and the notation of Propo- 
sition 1.1 we have 

(a) dim H^{M) = dim Mi/ Mi_i - qi for i = 1, . . . ,r. 

(b) dim H^{M)j = dim Mi/Mi_i - qi for i = 1, . . . ,r, j <^ with qi > 0. 

Proof. The assertion follows from Proposition II. 7[ [H Proposition 2.1] and [3 Corol- 
lary 2.4]. □ 

Let i? be a graded ring. Recall that a graded -R-module is tame if there exists 
an integer jo such that Nj = for all j < Jq, or else Nj ^ for all j < jo- 

Corollary 2.7. Let \K\ = oo. With the assumptions and the notation of Proposi- 
tion \1.7\ we have Hq{M) is tame for all k. 

Proof. The claim is obvious if A; ^ {qi, . . . , qr} by Proposition 11.71 If qi = 0, then 
we have Hq^M)^ = for j <^ and if gi > 0, the assertion follows from Proposition 
12:61 □ 
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Let M be a finitely generated bigraded S'-module and set K[x\ = K[xi, . . . , Xm\- 
Then the local cohomology modules Hq{M) are naturally bigraded S'-modules and 
each graded component Hq^M)^ = Hq{M)(^^j) = @^HQ{M)(^kj) is finitely gen- 
erated graded ii'[a;] -module with grading [HQ{M)j)^ = HQ{M)i^k,j)- Let be a 
finitely generated graded -module with graded minimal free resolution 

F : Ffe ^ ^ ^ Fi — ^ Fo 0. 

The Castelnuovo-Mumford regularity of is the invariant 

reg(A^) = max{6i(F) - z : z > 0} 

where 6i(F) denotes the maximal degree of the generators of Fj. In [HI Proposision 
2.3] we have shown that if M is Cohen-Macaulay with respect to Q with cd(Q, M) = 
g, then the function fq^uU) = ^^sHQ{M)j is bounded. For more results in this 
regard see |8]. In the following we improve [9l Proposision 2.3] as follows: 

Corollary 2.8. Let the assumptions and the notation be as in Proposition \l .1\ Then 
for all k the functions fk,M{j) = '^^zHq^M)^ are bounded. 

Proof. The claim is clear if A; ^ {gi, . . . , g^} by Proposition 11.71 Since Mi/Mi_i is 
Cohen-Macaulay with respect to Q for i = 1, . . . ,r, it follows from [HI Proposision 
2.3] that the functions fqi,Mi/M^^i{j) = Hq {Mi / Mi^i) j are bounded for i = 

I, . . . , r. Thus, fqi^uU) = T^^sHQ{M)j are bounded for z = 1, . . . , r by Proposition 

II. 71 Therefore, fk,MU) = ^^sHQ{M)j are bounded for all k. □ 

For a bigraded S'-module M, we recall that the ith a-invariant of M is defined by 

ai^{M) = sup{/i : Wq{M\,^^) ^ 0}, 
and so reg(M) = max{an(M) + z : z > 0}. 

Corollary 2.9. With the assumptions and the notation of Proposition [777| we have 
reg(M) = max{a3(M,/M,_i) + g^ : z = 1, . . . , r}. 

Proof. By Proposition 11.71 we have aQ{M) = aQ{Mi/Mi_i) for i = l,...,r and 
Qq^M) = —CO for i ^ {gi, . . . , g^}. Thus the result follows. □ 

3. Sequentially Cohen-Macaulayness with respect to P, Q and P + Q 

In this section we discuss the relationship of sequentially Cohen-Macaulayness of 
M with respect to P, Q and P + Q. First we have the following characterization of 
sequentially Cohen-Macaulayness of L N as S'-module where L and are two 
non-zero finitely generated graded modules over K[x] and K[y], respectively. For 
the bigraded S'-module M we define the bigraded Matlis-dual of M to be AF^ where 
the (i, j)th bigraded components of is given by Hom/^(M(j j), i^). 

Lemma 3.1. Let M be a finitely generated bigraded S -module. If M is Cohen- 
Macaulay with respect to Q with cd(Q, M) = q, then (^Hq^M^^^^^^ is finitely gen- 
erated Cohen-Macaulay K[y]-module of dimension q for all k. 
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Proof. Note that 

= (^f......„)(^(-M)))' 

- Ext^7;j(M(_,,,),5(-n)). 

Since M is Cohen-Macaulay with respect to Q with cd(Q, M) = g, it follows from 
[9], Proposition 1.2] that M(_fc .|,) is Cohen-Macaulay /^[y] -module of dimension q. 
Therefore the conclusion follows. □ 

Theorem 3.2. Let L and N be two non-zero finitely generated graded modules over 
K[x] and K[y], respectively. We set M = L ®k N. Then the following statements 
are equivalent: 

(a) M is sequentially Cohen-Macaulay S-module with respect to Q; 

(b) is sequentially Cohen-Macaulay K[y]-module. 

Proof (a) ^ (6): Let J": = Mq ^ Mi ^ ■ • ■ ^ = M be the Cohen-Macaulay 
filtration with respect to Q . By Proposition 11.71 we have 

where qi = cd{Q,Mi) = cd(Q, Mi/Mi_i) for i = 1, . . . , r and H^{M) = for 
k^{qi,..., qr}. Note that H^iM) = L®k H^q{N) ioi i = I, ... , r, see the proof of 
P Proposition 1.5]. Hence H^{My = (E)k H^qW where (-)^ is the Matlis- 
dual, see 0, Lemma 1.1]. Thus 

= Extl-^iN,K[y]y, 

where t = dimx(-^^^)fc- Since each Mi/Mi_i is Cohen-Macaulay with respect to Q 
with cd(Q, Mj/Mj_i) = g^, it follows from the above isomorphisms and Lemma 
13.11 that Ext^'|^^j'(A^, /^[y]) is Cohen-Macaulay of dimension qi for z = l,...,r. If 
^ {gi, . . . , gj, then L ®k H^{N) = H^iM) = 0. It follows that H^iN) = 0, and 
hence Ext'^^y^{N, K[y]) = for A; ^ {gi, . . . ,qr}. Therefore the result follows from 
P Theorem 1.4]. 

(6) =^ (a): Let be sequentially Cohen-Macaulay /^[i/] -module with the Cohen- 
Macaulay filtration = A^^o ^ A^^i ^ ■ ■ ■ ^ iV^ = iV. Consider the filtration = L ®k 
No ^ L ®K Ni <^ ■ ■ ■ ^ L ®K Nr = L ®K N. We claim this filtration is the Cohen- 
Macaulay filtration with respect to Q. First, we note that L^k Ni ^ L^k Ni+i for 
all i. Otherwise, we have dimA^j = dimA^j+i by [lOl Corollary 2.3], a contradiction. 
For all k and i we have the following isomorphisms 

= L®KH^{Ni/N,.i). 
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We set A = {L®KNi)/{L®KNi^i) for all i. Thus we have cd(Q, A) = dim A^i/A^i_i 
for all i. This implies that cd (Q, -Dj-i) < cd (Q, Dj) for all i. Also each quotient 
is Cohen-Macaulay with respect to Q because Ni/Ni^i is Cohen-Macaulay for 
all i. □ 

If in Theorem 13.21 we let L be a sequentially Cohen-Macaulay -ft'[x]-module and 
N a non-sequentially Cohen-Macaulay ^[i/j-module, then L (^k N is sequentially 
Cohen-Macaulay with respect to P and not sequentially Cohen-Macaulay with re- 
spect to Q. Thus sequentially Cohen-Macaulay with respect to P does not imply 
sequentially Cohen-Macaulay with respect to Q in general. 

In [HI Proposition 3.1] the relative Cohen-Macaulay property is characterized for 
Cohen-Macaulay modules as follows: if M is a finitely generated bigraded Cohen- 
Macaulay S'-module, then M is Cohen-Macaulay with respect to P if and only if 
M is Cohen-Macaulay with respect to Q. Thus we may ask a similar question as 
follows: 

Question 3.3. Let M be a finitely generated bigraded sequentially Cohen-Macaulay 
S'-module. If M is sequentially Cohen-Macaulay with respect to P. Is M sequen- 
tially Cohen-Macaulay with respect to Q7 

We have a positive answer to this question in the following cases: 

Proposition 3.4. The following statements hold: 

(a) Let M be a finitely generated bigraded S-module with \K\ = oo. Suppose 
cd{P,M) = 0. Then M is sequentially Cohen-Macaulay if and only if M is 
sequentially Cohen-Macaulay with respect to Q. 

(b) Let the notation be as in Proposition \3.S[ Then, M is sequentially Cohen- 
Macaulay S-module if and only if M is sequentially Cohen-Macaulay with 
respect to P and Q . 

Proof. For the proof (a), we first let M is sequentially Cohen-Macaulay and consider 
the Cohen-Macaulay filtration J": = Mq ^ Mi ^ ■ ■ ■ ^ = M. We show that 
J-" is Cohen-Macaulay filtration with respect to Q. Since cd(P, M) = 0, it follows 
from the exact sequences — )■ M(_i Mi — )■ Mi/Mi^i — )■ by using (4) that 
cd(P, Mi/Mi_i) = for all i. Hence by (3) we have cd(Q, Mi/Mi_i) = dim Mi/Mi_i 
for all i. This implies that cd(Q, Mi/Mi_i) < cd{Q, Mi+i/Mi) for all i. On the 
other hand, since Mi/Mi^i is Cohen-Macaulay S'-module for all i, it follows from (2) 
that grade(Q,Mi/Mi_i) = dimMi/Mi_i - cd(P, Mi/M^.i) = dimMi/Mi_i. Thus 
Mi/Mi_i is relative Cohen-Macaulay with respect to Q. Therefore, J-" is a relative 
Cohen-Macaulay filtration with respect to Q. Conversely, let ^: = A^'q ^ A^i ^ 
■ ■ ■ £ -Ar = M be the Cohen-Macaulay filtration of M with respect to Q. We 
will show that Q is the Cohen-Macaulay filtration for M. Since cd(P, M) = 0, it 
follows that cd(P, A'i/A'i_i) = for all i. Thus cd(Q, A'i/A'i_i) = dimA'i/A'i_i for 
all z, by (3). This implies that dimAj/Aj_i < dimA^j+i/Aj for all i. On the other 
hand, depth A'^/A'j.i > grade (Q, A'j/A'i-i) = cd{Q,Ni/Ni_i) = dim Ni/Ni_i for all 
i. Thus Ni/Ni-i is Cohen-Macaulay for all i. Therefore, Q is the Cohen-Macaulay 
filtration for M. 
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For the proof (b), M is sequentially Cohen-Macaulay S'-module if and only if 
L and N are sequentially Cohen-Macaulay over K[x\ and K[y\, respectively, see 
[Tin Theorem 2.11], and this is equivalent to saying that M is sequentially Cohen- 
Macaulay with respect to P and Q by Proposition I3.2[ □ 

Even for a finitely generated bigraded Cohen-Macaulay S-module of dimension 
2 for which grade(P, M) = and cd(P, M) = 1, we do not know whether M is 
sequentially Cohen-Macaulay with respect to Q. 

Inspired by Question 13.31 we may ask the following question: Let M be a finitely 
generated bigraded S-module that is sequentially Cohen-Macaulay with respect to 
P and Q. Is M sequentially Cohen-Macaulay? The following example shows that 
the answer is negative, see [71 Example 1.2]. However, we have a positive answer to 
this question in Proposition 13.41 

Example 3.5. Let 5* = K[xi,X2, Z/i, ^2] be the standard bigraded ring, / = (xi, ?/i)n 
{x2,y2) and set R = S/I. The ring R is unmixed but not Cohen-Macaulay. In fact, 
depth i? = 1 and dimi? = 2. One has that R is Cohen-Macaulay with respect to 
P and Q with cd{P,R) = cd{Q,R) = 1. In particular, R is sequentially Cohen- 
Macaulay with respect to P and Q. On the other hand, R is not sequentially 
Cohen-Macaulay. Because by Lemma 12. H unmixed sequentially Cohen-Macaulay 
modules are Cohen-Macaulay. 

4. Hypersurface rings which are sequentially Cohen-Macaulay with 

respect to q 

Let / G S' be a bihomogeneous element of degree (a, b) and consider the hyper- 
surface ring R = S/ fS. We write 

/ = ^ Capx^y^ where c^p G K. 

I OL \—a 

Notice that i? is a Cohen-Macaulay module of dimension m + n — 1. We have the 
following observations: 

Lemma 4.1. Consider the hypersurface ring R. Then the following statements hold: 

(a) If a = and b > 0, then R is Cohen-Macaulay with respect to P of 
cd(P, R) = m and Cohen-Macaulay with respect to Q of cd{Q, R) = n — 1. 

(b) If a > and 6 = 0, then R is Cohen-Macaulay with respect to P of 
cd(P, R) = m — 1 and Cohen-Macaulay with respect to Q of cd{Q, R) = n. 

(c) If a > and b > 0, then grade(P, R) = m — 1 and cd(P, R) = m, and 
grade(Q, R) = n — 1 and cd{Q, R) = n. 

Proof. In order to proof (a), if a = 0, then we may write / = Yli\i3\=b^py^ ■ Using 
Formula (1) we have cd(P, R) = dim S/{Q + (/)) = m and cd(Q, R) = dim S/{P + 
(/)) = n — 1. On the other hand, by using Formula (2), we have grade(P, P) = 
dim R — cd(Q, R) = m + n — 1 — (n — 1) = m and grade((5, P) = dim P — cd(P, P) = 
m + n — 1 — m = n — 1. Thus the conclusions follows. Parts (b) and (c) are proved 
in the same way using Formulas (1) and (2). □ 
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Notice that if a, 6 > 0, then R is not Cohen-Macaulay with respect to Q. Thus it is 
natural to ask whether R is sequentially Cohen-Macaulay with respect to Q. In the 
following, we classify all hypersurface rings that are sequentially Cohen-Macaulay 
with respect to Q. We need the following lemma for the proof of the main theorem 

Lemma 4.2. Let M he a finitely generated higraded S-module that is sequentially 
Cohen-Macaulay with respect to Q with the Cohen-Macaulay filtration = Mq ^ 
Ml <^ ■ ■ ■ Mr = M . Then we have Ass{Mi/Mi_i) = {p e Ass(Mi) : cd(Q, S/p) = 
cd{Q, Mi)} for i = 1, . . . ,r. In particular, Ass(Mj/M(„i) = Ass(Mj) if and only if 
Mi is relatively unmixed with respect to Q. 

Proof We first let p G Ass(Mi/Mi_i). Since Mi/Mi_i is Cohen-Macaulay with 
respect to Q, it follows from ^ Corollary 1.11] that Mi/Mi^i is relatively unmixed 
with respect to Q and hence cd{Q,S/p) = cd(Q, Mj/Mj_i) = cd{Q,Mi). Thus we 
only need to show that p £ Ass(Mj). As we always have Ass(M(/Mj_i) C Ass(Mj) U 
Supp(Mj_i), it suffices to show that p ^ Supp(Afj_i). Assume p G Supp(Mj_i). 
Then by using (6) we have cd{Q,S/p) < cd{Q,Mi_i) < cd(Q,Mj), a contradiction. 
Thus p ^ Supp(Mj_i) and hence p e Ass(Mi). Now let p e Ass(Mi) such that 
cd{Q,S/p) = cd{Q,Mi). We will show that p G Ass(Mi/Mi_i). The exact sequence 
Mi_i Mi ^ Mi/M,__i yields Ass(Mi) C Ass(Mi_i) U Ass(Mi/Mi_i). A 
similar argument as above by using (5) shows that p ^ Ass(Mj_i) and hence p G 
Ass(M,/M,_i). □ 

Proposition 4.3. Let f E S be a hihomogeneous element of degree (a, h) such that 
f = hih2 where hi = J2\a\=a^o'-^°' ^^^^ Ca & K and /i2 = J2\i3\=b^l3y^ ^^^^ ^13 ^ ^■ 
In other words, deghi = (a, 0) and degh2 = (0,6). Consider the hypersurface ring 
R = S/fS. Then R is sequentially Cohen-Macaulay with respect to P and Q. 

Proof. We show that R is sequentially Cohen-Macaulay with respect to P. The 
argument for Q is similar. Consider the filtration J-": = -Rq £ -Ri £ -R2 = -R where 
Ri = h2S/fS. We claim that this filtration is the Cohen-Macaulay filtration with 
respect to P. Observe that R2/R1 — S/h2S is Cohen-Macaulay with respect to P 
with cd(P, R2/R1) = m, by Lemma I^TlT a) . Now consider the map ip: S — > h2S/fS 
where g 1 — > gh2 + fS. We get the following isomorphism S/hiS = h2S/ fS = 
Ri/Rq. Thus Ri/Rq is Cohen-Macaulay with respect to P with cd{P, Ri/ Rq) = 
m — 1, by Lemma [4. 1( b). Therefore, J-' is the Cohen-Macaulay filtration of R with 
respect to P. □ 

Theorem 4.4. Let f E S be a hihomogeneous element of degree (a, b) and R = S/fS 
be the hypersurface ring. Then the following statements are equivalent: 

(a) R is sequentially Cohen-Macaulay with respect to Q; 

(b) / = hih2 where deg hi = (a, 0) with a >0 and deg /i2 = (0, b) with b > 0. 

Proof, (a) =^ (6): Let / = fif2---fr be the unique factorization of / into bi- 
homogeneous irreducible factors fi with deg fi = {ai,bi) for z = l,...,r. Note 
that J2l=i tti = o, and '^l^i h = b. Our aim is to show that for each fi we have 
deg fi = (aj,0) with > or deg fi = (0,6,) with bi > 0. Assume this is not the 
case and so there exists 1 < s < r such that deg fs = (cts, bs) with Os, bg > 0. We first 
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show that in the factorization of / = /1/2 . . . /r some fi appear with deg/j = (0, 6,). 
Otherwise, we may assume deg = (oj, 0) for i = 1, . . . , s — 1 and deg fi = (oj, 6j) 
with ttijbi > for i = s, ... , r. Note that (/) = (/i) fl (/2) H ■ ■ ■ fl (/,.) and hence 
Ass(i?) = {{fl), . . . , ifr)}- For 2 = 1, . . . , s by using (1) and Lemma I4.H we have 
cd{Q, S/{fi)) = dimS'/(P + (/j)) = n = cd{Q,R). Thus R is relatively unmixed 
with respect to Q. As R is sequentially Cohen-Macaulay with respect to Q, it 
follows that R is Cohen-Macaulay with respect to Q by Lemma I2.H a contradic- 
tion. Thus we may assume that deg fi = {ai, 0) with > for i = 1, . . . , s — 1, 
deg fi = {ai,bi) with aj,6j > for i = s, s + 1, . . . ,t and deg fi = (0,6i) with 
bi > for i = t + l,...,r, and t < r. Now let = i?o £ ^1 £ ^2 = ^ 
be the Cohen-Macaulay filtration with respect to Q where Ri = I/{f) for some 
bihomogeneous ideal I of S. Here we note that r = 2 by Corollary II. 8[ By 
Lemma KM Ass{S/I) = Ass(i?2/i?i) = {(/i), • • • , (ft)}- Thus J = qi n • ■ ■ n 
with y/qi = (fi) for i = 1, . . . ,t is a minimal primary decomposition of /. Notice 

that J C v^J = (^) where g = HLi fi with deg^ = ( XlLi E!=i ^i)- ^ = (^)' 
then as Yll=i > 0; Si=i > we have grade((5, S/I) = n — 1 and cd(Q, S*//) = n, 
by Lemma 14.11 This contradicts with the fact that S/ 1 is Cohen-Macaulay with 
respect to Q. Thus (/) ^ I ^ {g) and so ((?)// is a non-zero submodule of S*//. 
Since S/I is Cohen-Macaulay with respect to Q, it follows from Lemma fl . 1 1 1 that 
cd{Q,{g)/I) = cd{Q,S/I) = n. The map ip: S — )■ {g)/I where h 1 — )■ hg + I 
induces the following exact sequence — )■ f/ — )■ S/{ft+i ■ ■ ■ fr) — ^ {9) /I ~^ 0, be- 
cause {ft+i---fr)g = f e I. By Formula (4) we have cd{Q, S/{ft+i ■ ■ ■ fr)) = 
max{cd((5, U), cd{Q, {g)/I)} = n. As deg fi = (0, bi) for i = t + 1, ... ,r, by Lemma 
14. II it follows that cd{Q, S/ {ft+i ■ ■ ■ fr)) = n — 1, a. contradiction. (6) =^ (a): follows 
from Proposition 14.31 □ 

Corollary 4.5. Let R be the hypersurface ring. Then R is sequentially Cohen- 
Macaulay with respect to Q if and only if R is sequentially Cohen-Macaulay with 
respect to P. 

In view of Corollary 12.81 we have the following 

Corollary 4.6. Let R be the hypersurface ring. If R is sequentially Cohen-Macaulay 
with respect to Q, then iegHQ{R)j is bounded for i = n — l,n. In particular, 
reg IIq{S / g S) j is bounded for i = n — l,n where (g) is a principal monomial ideal 
in S. 

Remark 4.7. In [8] we have shown that the bound for the regularity of graded 
components of the local cohomology of the hypersurface ring under some extra 
assumptions is linear. 
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